ABSTRACT By using a nonlinear method of harmonic analysis, we have analyzed the motion of two angles, and ", specifying the direction of the Newtonian heliocentric orbital angular momentum of the Earth-Moon barycenter in the latest lunar and planetary ephemeris, DE405, from 1629 to 2169. Here is the longitude of the node of the ecliptic of date with respect to the International Celestial Reference Frame (ICRF) equator, measured from the ICRF x-axis, while " is the obliquity of the ecliptic of date referred to the ICRF equator. After dropping 86 Fourier terms and four mixed secular terms that were detected, we determined their secular variation in the form of quadratic polynomials as DE405 = À0.02109 + 10.54227t + 0.48609t 2 and" DE405 = 84,381.40578 À 46.81972t + 0.04817t 2 , where the units are arcseconds and t is the time since J2000.0 measured in Julian centuries. This is the latest determination of the planetary precession in the inertial sense and referred to the ICRF.
INTRODUCTION
It is important to know the motion of the ecliptic for practical and theoretical studies of Earth and the solar system. Even today, most astronomical observations are done by groundbased facilities. Thus, the precession, as well as the nutation, of Earth is still a major factor in the reduction of astronomical observations (Hohenkerk et al. 1992) . The motion of the ecliptic referred to an inertial frame such as the International Celestial Reference Frame (ICRF) is referred to as planetary precession in the inertial sense (Standish 1981) and plays a key role in precession-nutation theory.
The ecliptic is classically defined as the time average of a plane perpendicular to the specific orbital angular momentum vector of the Earth-Moon barycenter around the Sun,
Here r B is the heliocentric position vector of the Earth-Moon barycenter, defined as
where m E and m M are the masses of Earth and the Moon, respectively, and r E and r M are the heliocentric position vectors of Earth and the Moon. In the post-Newtonian framework, this is extended by the addition of some terms having relative magnitude of order 10 À8 . After the time average, however, the remaining difference is expected to be negligibly small, as discussed in Appendix A. Thus, throughout this paper we restrict ourselves to Newtonian mechanics. Even after the quantity to be averaged is fixed, it is not straightforward to obtain its time average, especially when its time variation is given in the form of numerical tables. Therefore it is no wonder that all existing treatments are analytical (Newcomb 1906; Lieske et al. 1977; Simon et al. 1994; Williams 1994; Bretagnon, Rocher, & Simon 1997; Bretagnon, Fienga, & Simon 2003) , with only one exception (Standish 1982) . In that work, Standish numerically determined the motion of the ecliptic in DE102 in order to find a suitable rotation from the mean equator and equinox at B1950, the socalled FK4 reference frame, to that at J2000.0, or the FK5 one. As a result, he rotated the FK4-based DE118 to FK5-based DE200, the standard lunar and planetary ephemeris at that time.
The latest lunar and planetary ephemeris is DE405 (Standish 1998) , the quality of which is significantly improved compared with DE102. In this short paper, we report the results of such an analysis for DE405 using our new technique to perform a nonlinear harmonic analysis (Harada 2003) . Since DE405 is aligned to the ICRF, which is an inertial reference frame by nature, the resulting product is the formula for planetary precession in the inertial sense, in terms of Standish (1981) .
MOTION OF THE ECLIPTIC
Recently we developed a powerful method of harmonic analysis (Harada 2003) . The method decomposes a given time series into the sum of a quadratic polynomial, an arbitrary number of Fourier terms, and an arbitrary number of mixed secular terms.
1 The differences from existing methods of Fourier analysis are that (1) the frequencies and the number of waves are not fixed but determined optimally through the analysis, and (2) the mixed secular terms are taken into account. (See Appendix B together with Fig. 5 and Table 5 , illustrating the effectiveness of the new method.) In order to apply this method, we need time series of some quantities whose time averages describe the motion of the ecliptic.
Let us define the plane perpendicular to h B as the osculating heliocentric orbital plane of the Earth-Moon barycenter, or the orbital plane for short. It is well known that two angles are necessary and sufficient to define a plane. For the two angles needed to specify the orbital plane, we adopted its longitude of the node with respect to the reference equator, 2 , and its obliquity from the reference equator, ". The two angles are obtained from the components of h B as
where
Then we computed a time series of these two angles for roughly the whole span 3 of DE405, with a spacing of 3 days. This step size was chosen by means of a preliminary Fourier analysis covering a frequency range that corresponded to a period of a few minutes to a few hundred years, as a suitable limit to ensure that no significant (!1 mas amplitude) signals remain in the band of the higher frequencies. In fact, the minimum period detected was around 50 days, much longer than the step size.
By using this new technique, we analyzed the computed time series simultaneously; namely, we regarded the two time series as a vector time series and minimized the weighted squared sum of residuals. To this end, we decomposed the angles as
where the quantities with an overbar denote the secular parts, those with a Á indicate the periodic parts determined from the analysis, and those with are the residuals. Note.-Same as Table 1 , but for the mixed secular terms. The first column indicates the term with the same frequency in Table 1 .
3 Strictly speaking, from JD 2,316,176.5 to JD 2,513,321.5, i.e., from 1629 to 2169. 
) . The units are 10 À9 revolutions per day for ! and ! , days for the period, and milliarcseconds for the others.
in units of arcseconds, where t is the time since J2000.0 measured in Julian centuries. On the other hand, the periodic parts are resolved as Tables 1 and 2 list the frequencies and the coefficients and their uncertainties for the Fourier terms and the mixed secular terms that were detected, respectively. Also, Table 3 shows a list of correspondences between the major periods detected and linear combinations of fundamental arguments. Figures 1 and 2 show the time variation and a periodogram of the normalized residuals in the longitude of the node, (sin "), after removing the thus-determined quadratic polynomials and 86 Fourier terms and four mixed secular terms that were detected. We omitted the graphs for the other component, ", because of their similarity to Figures 1 and 2 . The resulting rms is 3.05 mas for (sin ") and 3.51 mas for ". The maximum absolute residual is 17.3 mas for (sin ") and 20.8 mas for ".
COMPARISON
Let us compare our results with the existing determinations (Lieske et al. 1977; Standish 1982; Simon et al. 1994; Williams 1994; Bretagnon et al. 1997 Bretagnon et al. , 2003 . First of all, the numerical determination for DE102 referred to the mean equinox and equator of J2000.0 in the inertial sense (Standish 1982) 4 is 
For the others, we should transform the classic pair of quantities used to express the motion of the ecliptic, Note.-Listed are the correspondence of the first 27 periods detected and linear combinations of fundamental arguments, i.e., the mean longitudes of the major planets. Here the symbols V, E, M, J, S, and U denote Venus, the EarthMoon barycenter, Mars, Jupiter, Saturn, and Uranus, respectively. The periods are in units of days. Table 1 , and four mixed secular terms shown in Table 2 . The rms is 3.05 mas and the maximum absolute error is 17.3 mas. We omitted the graph for Á" because of its similarity, where the rms is 3.51 mas and the maximum absolute error is 20.8 mas. Fig. 2. -Same as Fig. 1 , but in the form of a periodogram to our expression in terms of and". (See Lieske et al. 1977 for the definition of A and Å A .) Simply speaking, s A and c A are none other than the x-and y-components of the unit vector toward the ecliptic pole of date in the reference frame of the mean equinox (as the x-axis) and the ecliptic (as the x-y plane) at the epoch, as
This expression is rewritten in the mean equatorial coordinate system at the epoch as
where R 1 is the fundamental rotation matrix around the x-axis, C 0 cos 0 , S 0 sin 0 , and 0 is the mean obliquity of the ecliptic at the epoch. Since the same unit vector is expressed in terms of and" as
we derive the transformation formulā
Figures 3 and 4 illustrate the result of Standish (1982) and the thus-transformed results of the existing planetary precession formulae after removing our determination (see also Table 4 ). In the figures, we removed two large offsets, in for Standish (1982) and in" for Lieske et al. (1977) , to make the comparison of the motions easier. It is noteworthy that all the existing formulae in have a large quadratic term that is different from ours. Also, it is Lieske et al. (1977) , ''S'' for Standish (1982) , and ''W'' for Williams (1994) . The curves for Simon et al. (1994) , Bretagnon et al. (1997) , and Bretagnon et al. (2003) are so close to curve W that they were omitted. The 93.66 mas constant term from Standish (1982) was removed for ease of comparison. Fig. 3 , but for". This time we added curve ''B,'' standing for Bretagnon et al. (1997) . The curves for Simon et al. (1994) and Bretagnon et al. (2003) are practically the same as curve B and so were omitted. We subtracted an offset of 41 mas from the value for Lieske et al. (1977) to compare the motions easily. Except for this constant offset, curve L is remarkably close to ours for the period from 1600 to 2000. strikingly impressive that apart from the constant offset, which only indicates a difference in the initial orientation of base reference frames, Lieske et al.'s", which is practically the same as that of Newcomb (1906) , is almost the same as ours for the period from 1600 to 2000.
CONCLUSION
By using the latest lunar and planetary ephemeris, DE405 (Standish 1998), we tabulated the two angles specifying the instantaneous orbital plane of the Earth-Moon barycenter around the Sun for the period from 1629 to 2169. Then, with the help of a nonlinear method of harmonic analysis (Harada 2003) , we decomposed them into a sum of quadratic polynomials and around 90 Fourier terms and a few mixed secular terms. The final results shown in equations (6) and (7) are the latest determination of the planetary precession in the inertial sense and referred to the ICRF, which was used in our previous work on the new precession formula (Fukushima 2003) .
APPENDIX A POST-NEWTONIAN EFFECTS
Let us estimate the magnitude of post-Newtonian effects in the definition of the ecliptic. In the post-Newtonian framework, it is not the heliocentric but the (solar system) barycentric position and velocity that are the key quantities. The post-Newtonian expression for the total angular momentum of N mass points is provided by Soffel (1989) as
Here M K , x K , and v K are the mass and the barycentric position and velocity of the Kth body, respectively, c is the speed of light in vacuum, G is Newton's constant of universal attraction, is one of the post-Newtonian parameters (which becomes unity in the case of Einstein's theory of general relativity), and
Let us compare this with the Newtonian definition of the heliocentric angular momentum of the Earth-Moon barycenter:
where the subscripts E and M stand for Earth and the Moon, respectively. Then, we may assume that its post-Newtonian extension is of the form
where S stands for the Sun and
and define the post-Newtonian ecliptic as the time average of the plane perpendicular to it while ignoring the effects of the other bodies in the solar system, such as major and minor planets. If so, the post-Newtonian effects can be classified into two types; one is the difference in direction, and the other is in magnitude. The former effects are mainly caused by perturbations. On the other hand, the latter effects consist of (1) a large constant part due to the circular-motion approximation, (2) small-amplitude harmonics of the mean anomaly caused by the eccentricity, and (3) planetary and lunar perturbations of various frequencies. Among these magnitude effects, the first type does not alter the direction of L. The remaining effects are of order e(v/c) 2 or (M Jup /M S )(v/c) 2 . Then the magnitude of the post-Newtonian effects can be estimated as 0.01Â10 À8 = 10 À10 or 0.001Â10 À8 = 10 À11 , which are much smaller than our aimed-for precision, 1 mas % 5Â10 À9 . Thus, we conclude that post-Newtonian effects in the definition of the ecliptic are negligibly small.
APPENDIX B EXAMPLE OF NONLINEAR HARMONIC ANALYSIS
As an example to illustrate the effectiveness of our method of nonlinear harmonic analysis (Harada 2003) , we present the result of an analysis for artificial data containing a number of components with amplitudes of different orders of magnitude.
Here the data were created as
where a k = 10 Àk , ! k = k/500, and (t) denotes a random noise with zero mean and a tiny (10 À13 ) standard deviation. The number of data points was 8192, and the data spacing, which was set evenly, was fixed at 3 in the same units of time. Thus the total data period is around 2.4 Â10 4 , covering roughly 24 to 246 cycles of the input signals. Figure 5 shows the input line spectrum and power spectra of the residuals at various stages of analysis. The standard fast Fourier transform (FFT) could identify only a few of the largest components. This is because the existence of the components with smaller amplitudes is hidden by the sidelobes of the components with larger amplitudes. On the other hand, our algorithm picked up the largest component at each stage of approximation and subtracted them from the data one by one. At each stage, our method precisely detected the then largest term. Finally, it succeeded in extracting all the frequencies in the input signals, as shown in Table 5 .
The accuracy of the parameter determination is strongly connected to the magnitude of the related term. For example, the number of effective digits of the smallest amplitude, a 10 , is 6 because its magnitude is 10 10 times smaller than that of the largest amplitude and all the computations are done in standard double-precision arithmetic, keeping 16 effective digits. For the same reason, the number of effective digits in ! 10 becomes 6, too. The estimated uncertainties are proved to be reliable, since their magnitudes are comparable to those of the actual errors.
The final rms of the residuals, 1.02 Â10 À13 , is almost the same as the magnitude of the input noise. Thus, our method reproduced all the input parameters, including the frequencies, down to the noise level. -Line spectrum of the input data, the power spectrum obtained by the standard FFT, and periodograms of the residuals after the K largest components are subtracted for the case of the artificial signals described in Appendix B. The FFT method, just as in the K = 0 case, identified only the few largest components. The components with smaller amplitudes were hidden by sidelobes of the larger amplitude components. By adopting this step-by-step policy, our algorithm succeeded in extracting the signals one by one. Note.-Listed are the values of the input signals, the errors in the estimated values, i.e., the difference from the previous column, and the estimated uncertainties for the amplitudes and frequencies. We omitted those for the phases, which are almost the same as those of the amplitudes.
